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Introduction

I N high energy chemical lasers, among the most important
performance parameters are power flux, lasing mode

length, and specific power. It is shown in the present analysis
that, by utilizing pressure-geometry scaling, a direct tradeoff
between power flux and lasing mode length can be made
while maintaining a desired specific power. This result greatly
simplifies experimental and theoretical performance evaluation
tasks by reducing a three-parameter family of vari-
ables to a two-parameter one. Scaling of other properties such
as gain and intensity is also indicated.

The scaling analysis is carried out by application of the
flowfield aerokinetics-radiation conservation equations and
constitutive relations. The scaling results are verified by
numerical solution of the governing equations.

Transport Equations
The conservation equations for compressible reacting flow

are well known (e.g., Refs. 1 and 2). For scaling purposes,
the equations for steady two-dimensional flow (transient and
three-dimensional effects are indicated later) are written in
terms of the following nondimensional variables

U=u/u0, V=v/u0
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Fig. 1 Variation of normalized power flux with distance from cavity
inlet.
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Species:

r* = r/p0u2
0, q* = q/Pou0h0, j* =J/POUO (3)

p*=p/Po> p*=p/p0 (4)

rj=y/L (5)

where the subscript 0 denotes a reference value, and L is a
characteristic length. The velocity components u and v cor-
respond to the axial direction x and lateral direction y,
respectively; h, p, and p denote specific enthalpy, density,
and pressure; and r, q, and j denote stress, heat flux, and
mass diffusion flux, respectively.

The conservation equations may then be written as
follows.

Mass:

—— (p*U)+ —— (p*V)=0
d£ drj

Axial momentum:
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where c denotes the mass fraction, and the subscript / refers
to species /. The Q and <!>, are energy and species source
terms, respectively.

For simplicity, only the scaling between pressure level and
geometric size is considered. That is, the laser nozzle/cavity
hardware sets of different sizes are considered to have the
same flow inlet temperature and composition. Also, the use
of only one characteristic length implies that the hardware
sets are geometrically similar.

The nondimensional stresses T* are given by the product of
Re~* and the nondimensional velocity gradients, where Re is
the Reynolds number defined by

(11)

and JLI is the viscosity. With temperature, composition, and
geometry being similar between two scales, the thermal prop-
erties, transport coefficients, and Mach number (hence u0)
will be similar as well. Hence, by imposing the scaling rela-
tion of

P0L = const (12)

and noting that p0/Po is a constant, one obtains similarity in
Re.

The nondimensional heat fluxes q* and mass diffusion
fluxes j* are functions of only Re, Pr, Sch and the non-
dimensional enthalpy and concentration gradients, where Pr
and Sc are the Prandtl and Schmidt numbers, respectively,
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which are similar as a consequence of similarity in thermal
properties.

Examination of Eqs. (6-10) then indicates that all non-
dimensionalized variables, except for the source terms Q and
$,- yet to be discussed, become independent of scale. That is,
the flowfields of two scaled configurations are similar if con-
dition (12) is imposed. This is simply a consequence of the
Reynolds principle of similarity. The more subtle and signifi-
cant factors of concern to chemical laser performance seal-
ability are the energy and species source terms Q and $;,
which are treated in the following section.

Chemical Kinetics and Radiation
The energy and species source terms are given by3

and (17) then indicates that / varies with p0 and that all
similarity conditions for the species transport equation are
satisfied. Under the indicated conditions that a and / both
vary with p0, Eqs. (9) and (13) show that similarity condi-
tions for the energy equation are also satisfied.

Therefore, complete flow, chemical, and radiative sim-
ilarities are achievable by employing pressure and
geometrical size scaling as indicated by Eq. (12). The only
significant requirements for precise scaling are that the domi-
nant chemical reactions are bimolecular and that pressure is
low (i.e., lasing occurs in Doppler or velocity broadened
systems where Lorentz or pressure broadening is relatively
unimportant). These conditions are indeed realized in a wide
variety of chemical lasers such as HF and DF.

(13) Performance Scaling
The performance parameters discussed here are specific

power a, power flux 6, and lasing mode length 2XC. The
(14) power per unit mass flow is

where 'w/, a/, //, and e/ denote species chemical production
rate, radiative gain, radiative intensity, and photon energy,
respectively, of species /. For the nonlasing species, a/ = 0.
For the lasing species, the subscript / denotes any combina-
tion of vibrational level v and rotational state /, and the
subscript /+1 denotes a vibrational level one higher (and
rotational state one lower) than /.

The species production for a given chemical reaction is
given by

*/=(""-"/) U/n (pci/mirl-kbY[(pci/mir^\ (15)
^ • / /

where kf and kb are the forward and backward reaction rate
constants, respectively, v- and v" the stoichiometric coeffi-
cients, and m the molecular weight. For bimolecular reac-
tions, w7 is proportional to p2. Termolecular reactions are
generally negligible for low pressure chemical lasers, and it is
this fact that allows chemical reactions to be scalable by Eq.
(12).

The gain is given by

ai = eip(Si+Ici+1~Sici)Gi/mi (16)

where S and G are a line shape parameter and the Voigt
function, respectively. The representations of S and G are
quite lengthy.3 For scaling purposes, it is sufficient to note
that S is a function of temperature only, while G depends on
temperature, pressure, and composition. Under low-pressure
conditions, say <20 Torr, G is nearly independent of pres-
sure, and a becomes a linear function of p.

The remaining variable of concern in the conservation
equations is the radiation intensity, which is coupled to the
optical field equations. For a Fabry-Perot cavity, the intensity
may be given by a laser rate equation of the form3

(17)

where K is the speed of light, at the threshold gain, and the
bar indicates values averaged over the lateral distance.

The threshold gain is given by

(18)

where r1 and r2 are the mirror reflectivities and Z the gain
length, which is proportional to L. When the pressure-
geometry scaling condition given by Eq. (12) is applied, and
with p being simply proportional to p, it is seen that at and
a both vary with p0. Combination of Eqs. (10), (14), (15),

where A is the cross-sectional area. The power per unit area
is

>-?!>.* (20)

The length 2XC is defined by the point where power has
reached the maximum value.

Applying the scaling relations of p~L~!, a~p, I~p,
A~L2, and x~L, it is seen that a is independent of scale
while 6~L~ 7 and 2XC~L. These results indicate that o and
the product of 6 and 2XC can be maintained unaltered be-
tween hardware sets of different sizes. This implies that once
a configuration is designed to yield a desired level of a, a
tradeoff between d and 2XC can be made by simply changing
the size of the hardware while keeping the product p0L
constant.

Discussion
The scaling analysis is applicable to transient, three-

dimensional, and/or turbulent flow. The time in the tran-
sient terms scales as t~x/u, and hence the time scale is sim-
ply proportional to L. For three-dimensional flows, the addi-
tional terms do not introduce any new scaling factors. Also,
since the equations considered are of Navier-Stokes form,
the scaling results are applicable to recirculating as well as
mixing layer type flows. For turbulent flows, the effective
viscosity varies as p0u0L, while the Prandtl and Schmidt
numbers are independent of p and L. Since p 0 ~L~ 7 , tur-
bulent flows scale in the same manner as laminar flows.

The pressure-geometry scaling is applicable to nozzle flows
as well as cavity flows, since similarity in boundary condi-
tions can easily be shown to be satisfied. In particular, con-
sider chemical deactivation along a wall. The species bound-
ary condition there is

drj /i V 2-7T /
at wall (21)

where F and R denote deactivation efficiency and gas con-
stant, respectively. Under common conditions, F is nearly in-
dependent of pressure, and Eq. (21) with p~L~! indicates
that similarity prevails.

The performance scaling relations of the present study
have been verified by numerical solution of the governing
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equations. The computation was performed for a source
flow mixing layer type DF chemical laser cavity using a
stable implicit numerical procedure.4 Seven vibrational levels
of DF, each having 14 equilibrium rotational states, were
considered. The chemical reactions were taken from Ref. 5,
which are predominantly bimolecular. Three cases have been
computed for illustration. The reference case corresponds to
a cavity inlet pressure of p0 = 4.66 Torr and an element
length (centerline to centerline distance between a pair of
fuel and oxidizer nozzles) of L- 0.198 cm. The second case
is for 2/fy and 0.5L, and the third for Q.5p0 and 2L.

The results show that the specific power a of the second
and third cases =0.991 and 1.008, respectively, of the
reference case. Hence specific power is essentially unaltered
by the scaling. The small differences are due to pressure
broadening effects, which are indeed minor.

The power flux distributions, normalized by the maximum
value reached in the reference case, are shown in Fig. 1. It is
seen that the power flux scales inversely with L, while the
power cutoff distance scales directly with L.

The present analysis indicates that, even though laser
flowfields are quite complicated and involve various
nonlinear physical processes, unique and precise pressure-
geometry scaling results can be reached. The restrictions,
which have been delineated at the relevant points of the
analysis, are surprisingly few and are easily satisfied under
common operating conditions. Specifically, for combustor
temperatures above ~ 1500 K, the effect of pressure varia-
tion on incomplete combustion is small. For cavity pressures
under —20 Torr, three-body reactions and pressure-
broadening effects on gain are negligible.

Conclusions
In conclusion, the results of the present scaling analysis in-

dicate that:
1) The conservation equations and constitutive relations

for chemical laser flows are satisfied by the pressure-length
scaling.

2) Flow similarity is achieved due to invariance in
Reynolds number. Chemical similarity is obtained for
bimolecular reactions. Radiative similarity is obtained as
gain and intensity both vary with density.

3) Tradeoff between power flux and lasing mode length
can be accomplished at a given specific power level by apply-
ing pressure-geometry scaling.
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Introduction

I N solving two-dimensional boundary value problems by
the boundary element method, line integrals of the

following form are encountered1"3

(D

where C is the boundary element, i.e., a finite plane arc;
r = r(p>q) = \P~q\ is the distance between any two points p
and q£C\ the index q in the arc length element dsq indicates
that point q varies during integration while the point p re-
mains constant; <p(s) is a continuous function of the arc
length s = s(p,q) measured from point /?; and the kernel
function K(r) has a logarithmic singularity. That is,

(2)

The functions \l/j(r) and $2(r) are continuous. In mech-
anics, integral (1) represents a single-layer potential due to a
material curve C of line density <p(s) when the field point p
is on the source.

For computer implementation of the boundary element
method, the boundary element is approximated by a straight
line or a parabolic arc.3 In the first case, r = s and integral
(1) may be evaluated by either analytical integration, when
the functions <p(s), i/'/C"), and \l/2(r) are simple, or num-
erically using a special logarithmically weighted integration
formula3-4 when these functions are not simple. However,
when the element is approximated by a higher-order curve,
the evaluation of line integral (1) is more difficult. In this
case, the integral has been evaluated by the method of sub-
tracting the singularity.5 In this method, a function is sub-
tracted from the integrand that has a singularity of the same
kind and can be integrated formally. This method has been
employed in Ref. 6 for the numerical evaluation of integral
(1) using the actual geometry of the element.

In this Note, a simple method is presented for the evalua-
tion of line integral (1) by removing the singularity by means
of integrating by parts when the curved element is approx-
imated by a parabolic arc. This procedure can be easily pro-
grammed on a computer.
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